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Activities 
Following are some palindromic activities you may wish to try with your 
students: 
1. When is the next year that will be a palindrome? How old will you be then? 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
When will the second palindromic year occur? Will you live to see it? 
Is your age a palindrome? If not, make a palindrome from your age. How 
many additions are necessary? 
Is your house number a palindrome? If not, try to make a palindrome from 
your house number. How many additions are necessary? Whose house 
number requires the most additions? Make a bar graph which shows the 
class results. 
Take one page from your city's telephone directory. How many palindromic 
house numbers do you find? Make a bar graph showing the class results. 
How many 2-digit palindromes are there? How many 3-digit, 4-digit, etc.? 
Is there a pattern? 
Make palindromes from 2-digit numbers which are not already palindromes. 
How many steps are required? Do the same for 3-digit numbers. Do you see 
any patterns? Make conjectures about your results. 
Can you find a number that takes more than five additions to make a 
palindrome? More than ten additions? Who can find a number that takes 
more additions than anyone else's number? 
The following numbers require more than ten steps to form palindromes. See 
if you can find the palindromes for these numbers: 177, 266, 849, 375, 937, 
869, 880. 
Try inserting decimals into numbers and then converting them to 
palindromes. Will the number of steps needed to produce a palindromic 
decimal be less than, equal to, or more than the number of steps required for 
a whole number? For example, the number 248 requires two additions to 
make a palindrome. The decimal 2.48 requires only one addition: 2.48 + 
84.2 = 86.68. 
Write a computer program to find all 3-digit palindromes. Revise the 
program so that it will find 4-digit palindromes, 5-digit palindromes. 
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While reviewing some pre-calculus concepts at the beginning of our AP 
Calculus course this past year, we derived and then used the formula 
iax1 + by1 + cl 
d = --_-_-_-_-_-_-_-_---
/ a 2 + b2 
to find the distance between a point P( x1 , y 1 ) and a line with equation 
ax + by + c = 0. I later assigned the task of finding the distance between parallel 
lines 4x - y = 7 and 4x - y = -17 . Most students did as I had been taught and 
the way that textbooks tell us: find a point on one line and then use the distance 
formula above. But one of my students, Noah Wakeman, came up with his own 
formula for finding the distance_between two parallel lines: 
lb1 - b I 
d= ~-2 
j m2 + 1 
b1 and b2 the y-intercepts, 
and m the slope 
In the example above ( y = 4x - 7 and y = 4x + 17 ), 
lb1 - b I 
d = 2 
l-7 - 171 24 
j m2 + 1 j 42 + 1 ../ri 
a much easier computation. 
I could not find this theorem in any textbooks, so I insisted upon its derivation. 
At first Noah's proof of this was long, extensive, and extremely hard to follow. I 
encouraged him to make it simpler, with explanations. Upon completion it looked 
like this: , .,-
Noah's proof: 
First, I let w equal the difference 
between they intercepts. 
w = lb1 - b2 1 
27 
y = IDX + b1 
V = 'b1 - b2 r 
J[ 
Next, I formed a rectangle with w as the width 
and w /m as the length. (Since m , the slope, is 
like the tangent of O , I must divide w by it in 
order to get the length.) 
tan O = m 
Third, I used the Pythagorean 
theorem to find the diagonal. 
length of diagonal = j w2 + (iii-)2 
Fourth, I remembered my geometry and knew 
the altitude to the right angle in a triangle 
is equal to the product of the legs divided by 
the hypotenuse 
C 
so 
w/m 
w 
Finally, I used algebra to simplify the equation. 
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(tan e = m) 
~--+---- (w/m/ 
d=axb 
C 
d= 
w 
w . iii 
w 
Jw2 + (~)2 
Palindromes and the Standard.6 
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Activities with palindromes afford opportunity for implementing the 
National Council of Teachers of Mathematics Curriculum and Evaluation Standards. 
Calculators would be very useful in forming palindromes, especially when the 
numbers require more than one addition. Students will get a chance to form 
conjectures and reason about numbers, look for patterns, and see relationships 
among numbers as they work with palindromes and then communicate their findings 
to their classmates. All of these aspects of learning mathematics are important 
goals in the Standards. 
Students may come up with conjectures similar to the following: if the sum 
of the digits is ten, with the exception of the number 55, two additions are required 
to reach a palindrome. Or they may discover some of the following patterns which 
were offered by Dockweiler (1985): 
1. Two-digit numbers in which the sum of the digits is less than 10 will require 
only one reversal and addition to obtain a palindrome. The resulting 
palindrome will be a multiple of eleven. 
2. 
3. 
4. 
Two-digit numbers in which the sum of the digits is more than 10 may 
require more than one addition but the resulting palindrome will be a 
multiple of eleven. 
The palindrome will be a multiple of eleven, if at any point in the process of 
obtaining a palindrome a sum with an even number of digits is obtained. 
If the tens digit of a 3-digit number is less than or equal to 4 and the sum of 
the hundred and unit digits is less than ten, a palindrome results after one 
addition. 
Cla.ss results on palindromic numbers can be displayed by making a bar 
graph on the chalkboard. An easy and quick way to accomplish this is to use 
post-it notes. Each student or small group of students has a post-it note on which 
to write their results and they take turns coming to the board to post their results 
in the correct place on the graph. Each group of students, for example, could be 
assigned 8 or 9 of the numbers from 1 to 100 and their task would be to determine 
how many steps are necessary to obtain palindromes from the numbers. Leave out 
89 a.nd 98 &t first. Keep these two numbers for the ambitious group who finishes 
their assignment first. The class graph would then show which numbers require 
only one step, which numbers require two steps, three steps, and so on. 
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The year 1991 is a palindromic year. It is the first palindromic year since 
1881 and the only palindromic year of this century. Therefore it seems fitting that 
we should celebrate this year with our intermediate students by doing some 
activities with numbers that are palindromes. A palindromic number is one which 
reads the same backward as forward. Thus 55, 121, 777, 2442, and 15351 are 
palindromes. 
If a number is not a palindrome already we may be able to transform it into 
a palindrome. Consider the number 57 which is not a palindrome. Reverse the 
digits and add the two numbers: 57 + 75 = 132. The sum is still not a palindrome 
so repeat the process: 132 + 231 = 363 which is a palindrome. This process will 
work for most numbers. It has been conjectured that the process will work for all 
numbers but this has never been proved. There are 249 integers less than 10,000 for 
which no palindrome can be found in 100 steps or less. (McGinty and Eisenberg, 
1978). 
Some numbers require only one addition to arrive at a palindrome, for 
example, 12: 12 + 21 = 33, and some numbers require many more additions. The 
number 985 requires eight additions before arriving at the 7-digit palindrome, 
1,136,311. Two other numbers which are known to require many additions are 89 
and 98. They each require twenty-four additions before a palindrome is reached. 
The 13-digit number 8,813,200,023,188 is the palindrome which results for both 89 
and 98. There are eleven integers under 1,000 that require more than 24 steps 
before a palindrome is reached. 
Bennett and Nelson (1985) introduced palindromic decimals. A palindromic 
decimal must read the same from left to right as from right to left. For example, 
56.65 is a palindromic decimal but 3.43 is not. The process of reversing and adding 
to obtain palindromes will work for decimals also. Using 3.43 we obtain: 3.43 + 
34.3 = 37.73 which is now a palindrome. We noted above that 89 requires 24 steps 
before the sum is a palindrome. Inserting a decimal point in the number drastically 
changes this; 8.9 requires only 4 steps to result in the palindromic decimal, 73.37. 
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2 w w w 2 w 
d= 
m m m 
= = 
Jw2 + ( iil)2 J w2 + (iil)2 w2 + 
2 
Multiplying numerator and denominator by ; , we get 
w 
~w lb 1 - b2I 
j m2 + 1 
*************** 
( 
m 
In diligently improving his derivation, Noah also derived another form of the 
theorem. 
Noah's second theorem: 
For the second theorem, I knew the 
y-intercept is equal to the constant 
divided by the y coefficient and 
the slope is equal to the opposite of 
the x coefficient divided by the y 
coefficient. 
ax + by = c1 :} c 1 y-intercept b1 = 0 
ax + by = c2 :} c 2 y-intercept b2 = 0 
cl c2 a 
So, b1 = 0 and b2 = 0 and m = - 0 
Then I simplified my original formula: 
lb1 - b2I 1-f -~I 
d = --;::::::;;:::==- = :::::::::====== 
j m2 + 1 j (- li)2 + 1 
29 
ICYI 
J~-~ 
(cl - c2) 
b2 
2 2 = 
a + b 
(cl - c2) 
a2 + b2 = 
lc1 - c2I 
j a2+ b2 
***************** 
As you can see, this time the distance is given in terms of a , b , c rather than the 
slope and y-intercept. Again, in the example above, 
d= 17- (-17)1 24 
/ 42 + (-1)2 = /f7 
a much easier computation. 
First of all, I was amazed to see a formula for this. Upon checking with several 
authorities and in many textbooks, I could not find such a formula. Perhaps this is 
a very common bit of knowledge, and I have simply overlooked something right 
before my eyes. I would, however, be interested in hearing from any of you who 
have seen either of these theorems, and learning where you have found them. 
Regardless, I was astounded that in our high school ranks we had a student who 
could do some very original thinking. The rest of the class watched in awe as Noah 
painstakingly over a long period of time simplified and shortened his proof so that it 
is easy to follow. I pointed out that probably many theorems, and concepts, in 
mathematics were discovered in just such a way: first of all, a need existed; many 
trials and errors occurred; and then, a proof (possibly understood only by its 
inventor) was simplified so that many of us are able to follow, and appreciate, it. 
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than a few minutes of class time each time it is used. Zip strips will not be much 
help with the problem-solving aspects of the test, but just as it has been emphasized 
that 50% of the test is problem-solving, we must not forget 50% of the test is on 
something other than problem-solving, and in those areas, zip strips may be helpful. 
3) My school has made arrangements for students to be tutored during the 
regular school day. This is especially helpful to those students who fail the test in 
November, as it provides a definite time and place to provide remediation. 
4) We have assigned several mathematics teachers to freshman study halls with 
the idea that they can provide some proficiency tutoring during study halls. 
5) Special Saturday morning tutoring sessions are available to students. 
There are several other things that we can do to help our students pass the 
proficiency test. High on this list is making sure that we as teachers know 
everything about the tests that we can possibly know. This includes getting a copy 
of the practice test and sharing it with our students. Get a copy of the 16 learning 
outcomes which the test measures. Study these outcomes thoroughly; they tell you 
exactly what is on the test, as well as much of what is not on the test. Know that 
the test covers five different strands - arithmetic, measurement, geometry, data 
analysis, and algebra - and that the test consists of 40 multiple choice questions, 
none of which are of the "none correct" "all correct" variety. Know that raw scores 
are not going to be revealed, only whether a student passed each strand or not. 
Different forms of the test are being developed, but every student in the state will 
take the same form each time the test is administered. Calculators are not 
permitted; no problem takes more than three steps; distractors are among the 
choices for answers; and while every student must be provided the time necessary 
for him/her to finish the test, most students finish the mathematics test in an hour. 
To help our students, we must make ourselves aware of all the aspects and 
implications of the proficiency test. We must make full use of our own talents, 
resources, intelligence, and creativity. We must impress upon our students the 
importance of these tests, and the impact the tests will have upon them regarding 
graduation. Inside the classroom, we, as professional educators, must hold in check 
our frustrations with the inequities, the politics, and the biases of these tests. 
Instead, we must do all that we can to help our students pass the proficiency tests -
we hope on their first attempt! 
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Now that it has been established with whom communication is important, what 
are some means by which that communication may take place? There are a number 
of ways: 
1) Send the message home with students. 
2) Send a letter explaining the details and implications of the proficiency 
tests directly to the parents. 
3) 
4) 
5) 
6) 
7) 
8) 
Hold special evening meetings at school for the purpose of 
disseminating pertinent information. 
Have informal discussions at school sporting events, drama 
productions, concerts, etc. 
Devote department meetings to these tests. 
Include testing when considering curriculum in faculty meetings. 
Send letters to members of the Ohio House and Senate. 
Write "letters to the editor". 
Suggestions For Helping Students 
As a high school mathematics teacher, I am very concerned about what I can do 
to increase my students' chances of passing the mathematics proficiency test, or in 
the very least, of being successful on subsequent trials. There are several things 
which I, and my school, can do in this regard. Some of these include: 
1) I have prepared a number of worksheets for use throughout the school year. 
These worksheets cover learning outcomes which the math proficiency test is to 
measure. Students pick up these worksheets on Monday, one or two a week, and 
return them on Thursday. After the papers are graded, any problem areas can be 
reviewed in class on Friday. This takes no more than 10 or 15 minutes of classroom 
time a week. While I do not like giving up any time at all, giving up this short 
period of time may be more beneficial to my students than covering the usual 
material. 
2) I have used Dr. Johnny Hill's ideas of zip strips to prepare students for the 
test. Zip strips are narrow strips of paper on which students write the answers to 
questions given orally by the teacher. Questions are not repeated, and students 
have a limited amount of time to answer (usually 4 to 10 seconds). This will force 
much mental exercise and quick recall on the part of students, and depending on the 
number of questions asked and the time limit set, this activity should take no more 
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Letter to the Editors: 
Dear Colleagues, 
Why is it that when we talk about functions in general, we use notation like 
f(x) , g(x) , and h(x) , but when we talk about specific functions we use the 
notation sin x , cos x , and In x? I suggest that it is tiI11e_ to become consistent in 
£._UT not~!~on; in particular, I suggest we start using sin(x) , cos(x) , and ln(x) , and 
furthermore start verbalizing these as "sine of x" , etc. We all know that once a 
concept is understood, notation is not important; but while our students are 
learning that mathematics is not "just a bag of tricks", we should be careful to be 
consistent in our notation. 
Why is it that XY means "X times Y", but AREA does not mean "A 
times R times E times A"? I suggest, that with the exception of numerical 
constants, we do away with juxtaposition for multiplication, and adopt the 
computer scientists' notation of X* Y for multiplication and allow XY to be the 
name of another variable. 
Thirdly, I'd like to suggest that we de-emphasize ex notation and use 
exp(x) in order to emphasize the fact that this is a function. 
J. William Friel 
University of Dayton 
On IQ tests one often finds questions like: "What is the next term in the 
sequence 1 , 4 , 9 , 16 , ... ?" The expected answer is "25", the fifth term in the 
sequence whose !!th term is n2 . Actually, the fifth term might be any number 
whatever, say . Thus, the sequence whose !!th term is 
f(n) = n2 + (n-l)(n-2)(n-3)(n-4)(~-25}/24 
has 1 , 4 , 9 , 16 , for its first five terms. 
Solutions to Alaskan cryptarithms: 
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Return to Mathematical Circles 
by Howard W. Eves 
Prindle, Weber & Schmidt, 1988, p. 95 
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